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PRINCIPAL REALIZATION OF TWISTED YANGIAN Y{qn) 

NAIHUAN JING, MING LIU* 



Abstract. We give the principal realization of the twisted Yangians of orthogonal 
and symplectic types. The new bases are interpreted in terms of discrete Fourier 
transform over the cyclic group Z^r. 

1. Introduction 



0> . Let be a simple complex Lie algebra. As one of the two important classes of 

quantum groups associated to 0, the Yangian Y{q) was introduced by Drinfeld in the 
study of the Yang-Baxter equation [H O [6l [3] . Other versions of Yangians were given 
by Olshanski [12] in connection with classical groups. All these Yangian algebras play 
important roles in conformal field theory, combinatorics and representation theory 

i-C ! (see [11] for a beautiful survey and the monograph ^ for recent developments). For 

c^ \ other presentations of Yangian algebras, see also [2]. 

The Yangian Y{q[j^) of the general liner algebra captures and unifies, on a higher 
theoretic ground, many far reaching aspects of invariant theory and combinatorial 
theory [TDl [S]. Motivated by the principal realization of the affine Kac-Moody Lie 
algebras, the authors in [T] introduced the corresponding set of generators for the 

\^ ' Yangian y(gl^) and show that the new basis is useful in studying representations of 

Yangians. Roughly speaking, the idea is based on replacing the Cartan-Weyl basis 
by the the Toeplitz basis in the general linear Lie algebra 0[^, this enables one to get 
new presentations of the Yangian. 

O^l ' We will study the principal generators for the Olshanski Yangian algebras Y{50n) 

and Yisp^) in this letter and give their main properties. A new feature is that 
all principal generators are actually discrete Fourier transform of certain sequences 

^^ \ defined by the Yangians over the cyclic group Zjy. It seems that the twisted cases are 

H ■ also related to the Fourier transform over the abelian group Z^r x Z^v- Under discrete 

- - - Fourier transform, several interesting properties are formulated in the same pattern 

for the principal generators in the cases of the orthogonal and symplectic Yangians. 

The paper is organized as follows. First in section two we recall the principal 

generators for type A and formulate the principal generators as Fourier transform. 

Several new results are proved for later usage. Section three discusses Olshanski 
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twisted Yangian algebras. Section four gives the principal realizations for the twisted 
Yangian algebras of orthogonal and symplectic types. 

2. Principal realization of Yangian algebra Y^qIj^) 

In this section, we first recall the principal realization for Y^gij^) and then derive 
new relations using discrete Fourier transform for our later purpose. 

2.1. Principal basis of gljy- Let g = gl^ be the Lie algebra oi N x N complex 
matrices. The standard Cartan-Weyl basis consists of matrices Eij, where i,j G 
Zat = {0, l...A^ — 1}. For our purpose we will make full use of the additive structure 
of the index set Zat. 

The cyclic element in qIj^ is 

and its centralizer C{E) = 0^^^ CE'' is a Cartan subalgebra of gljy called the 
principal Cartan subalgebra. With respect to this Cartan subalgebra, the principal 
root space decomposition is given as follows: 

(2.1) Qlj, = A„A^ = J2 ^''^fc,fe+., 

where u = e~N~ . 

Let G be a finite abelian group with irreducible characters Xi, (^ = l, • • • > |G^|)) the 
discrete Fourier transform of the function f{g) on G is another function on G* = 

{Xi\i = l,...,!^!} defined by 

(2.2) m){x) = J2^{h)f{h). 

heG 

In the case of cyclic group G = Z^, Z|^ = {x*K = 0,...,A^ — 1} ^ Z^, and 
Xi{j) = ^^^ ■ Therefore the discrete Fourier transform of the function / on Z^f is 

N-l 

(2.3) m){Xi) = Y.^V^^)- 
The inverse Fourier transform is given by 

N-l 

(2.4) r\9W) = j^J2^'''9{j)- 

3=0 

Fix j, denote the finite sequence {Ek,k+j} by {ej}, where k runs over Z^, i.e., 
ej{k) = Ek^k+j- Then the principal basis elements Aij are actually the ith term of the 
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discrete Fourier transform of the sequence {ej}, and formula ( 12. ip takes the following 
new form: 

The algebraic structure of principal basis Aij is given by: 

AijAki = uj^ Ai+k,j+i- 
Under the standard inner product {x\y) = tr{xy), we have 



(AijlAki) = triAijAki) = Nu '^Si,.kSj,-i, 

N 

2.2. Yangian Y{gij^). 



and the dual principal basis is {^A_i^^j}. 



Definition 2.1. The Yangian algebra Y{qIj^) is an unital associative algebra with 
generators t)^- {i,j G {l,2...A^},r G Z+) subject to the relations: 



u 



(r+l) Ash r.(r-) As+lh _ Ar).{s) .(s) ,(r) 






where t]^ = Sij. 



Its matrix presentation is given in terms of the rational Yang-Baxter i?-matrix. Let 
M be a formal variable and let 

(2.6) R{u) = l--e End{C^) ® End{C^) [[u-^]] , 



u 

■,N 



where P is the permutation matrix: P{u ^v) = v ^u for any u,v G C . The matrix 
R{u) satisfies the quantum Yang-Baxter equation: 

Ri2{u)Rn{u + v)R2'i{v) = R23{v)Ri3{u + v)Ri2{u). 

Set 



where 

oo 
k=l 

The following well-known result (see [9j) gives the FRT formulation [7] of the Yangian 
algebra. 

Proposition 2.2. The defining relations of Yangian can be written compactly as 

R{u - v)T^{u)T2{v) = T2{v)T,{u)R{u - v). 
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2.3. The principal realization of Y{qIj^). In [Ij a new set of generators, the prin- 
cipal generators, x\j are introduced. Here the indices i,j G Z^v, A; G N. Let Xij{u) 
be the generating series: 

oo 

( \ _ \^ (") -n 

Xij{U) — / ^ Xj^j U , 

71=0 

where xi^ = (5j^o<^i,o- Then 

(2.7) Xij-(M) = ^ ^^4,i+fc(M). 

feeZiv 

This can be viewed as the inverse of the Fourier transform on the finite sequence 
{tk^k+j{u)} where the variable k G Zjv- Then the formula (12. 7p can be rewritten as 

Xij{u) = g'"^({tfc,fc+j(u)})(z) 

Rewriting the T-matrix T{u) by using the principal basis of Qi^ and Xij{u) as follows 

we obtain the principal realization of y(g[jv) as follows. 

Proposition 2.3. [Ij The principal generators x\j of Yangian Y(Qij^) satisfy the 
following relations: 

1 , .ib—bk—ab 

[Xij{u),Xkl{v)] = (V" Xi^a,j-b{u)Xk+a,l+b{v) 

U — V ^ — ^ I\ 

a,b 

, ,ja—al—ab 

- Yl TV Xk+a,l+biv)Xi-a,j~biu)) 

a,b 

We can simplify the commutation relations and get a new compact formula as 
follows: 

Theorem 2.4. The principal generators x\j of Yangian Y{qIj^) satisfy the following 
relations: 

{u-v)[Xij{u),Xkliv)] = —'Yu'''\xk+a,j+b{u)Xi-aJ~b{v) - Xk+a,j+b{v)Xi_a,j-b{u)) , 

a,b 

where a, b run through the group Ijj^. 

It is easy to see that Proposition 12.31 is a consequence of Theorem 12. 4[ 
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3. Twisted Yangian Y{son) and Y{spj^) 

We first describe the structure of tlie Oslianski twisted Yangian algebras associated 
to sojy and spj^ in tliis section. 



3.1. The Lie algebra son and 5p^. We will consider simultaneously both son and 
spj^. In the following let the index set Zjv = {0, . . . , A^ — 1} for matrices in Mat{N). 
Let A h^ A^ denote the transposition of Mat{N) defined by 

where i,j G Z^v- The scalar 9i is defined according to two cases as follows. For the 
symmetric case, 

9, = 1, 1 = 0,1,. ..,N-1, 

and for the alternating or antisymmetric case with A^ = 2n, 

— 1, i = 0,1, . . . ,n — 1; 



'■ * 1, i = n,n + l,...,2n — 1. 
Introduce the following elements of the Lie algebra gl^: 

Fij = Eij — E^j = Eij — 9i6jEN-i-j,N-i-i, 

then the Lie subalgebra spanned by Fij is isomorphic to son in the symmetric case 
and to 5p]sf in the alternating case. The resulting Lie algebra will be denoted by g^. 
Thus, 

Qn = 50 N or spj^, 

where the latter case A^ is supposed to be even. Corresponding to the principal basis 
of gljv, we can derive the following simple result. 

Proposition 3.1. The subalgebra of gij^ spanned by the elements Bij = Aij — A\- 
i,j G Zjv is isomorphic to g^v? where 

k,ieZN 
In particular, A\- = u~''^^^^^ A_ij in the symmetric case. 
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Proof. It follows from Equation (12.11) that 

keiN 

= 2_^ ^ ^(^k(^k+jEN-l-k-j,N-l-k 

fceZiv 

= 2_^ ^ "' ^N-l-k-j^N-l-kEkM+j 



fceZjv 



fcgZiv 



where we used 9N-i-k = —Ok and u^ = 1 in the last equation. It follows from 
equation (12. ip and inverting the Fourier transform that 



Ek,k+j - T7 2^ ^ '"'A'- 






Therefore we have 

k,lS:1iM 

In particular, 9^ = 6k+j = 1 in the symmetric case and 

E, ,-kl A \~^ , ,~kL ml rp 

I&'Lm m,igZ]v 

= Y.C£^^-'^'^~^')Em,m+, 

= 2_^ N6m,kEm,m+j = NE^^k+j- 



So in the case Qjq = so 



AT 



A* — t,r''^^^^^ A ■ ■ 



D 



Just as in the case of gl^, we can also interpret the generators B[jS using Fourier 
transform. 



B,,=^{{Fk,k+Mi) 
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3.2. Twisted Yangians Y{qj^). 

Definition 3.2. The twisted Yangian corresponding to Qn is a unital associative 
algebra with generators s\j ,s\j , ..., where i,j G Z^r, and the defining relations are 
given in terms of generating series 



Sij{u) = 6ij + 4^^« ^ + sfu 2 + 



as foUows. 

.2 „.2 



{U -V )[Sij{u), Skl{v)] = {U + v){Skj{u)su{v) - Skj{v)Sii{u)) 

- (m - v){9k9ySik'{u)sjn{v) - 9i6i>Ski'{v)si>j{u)) 
+ 9i9f{ski'iu)sfi{v) - Ski'iv)sjn{u)), 
and 

(3.1) 9,9,sM-n) = s,,iu) ± "^^'^^^ '/^^'^"^^ 

where i' = N — 1 — i. Whenever the double sign ± or =p occurs, the upper sign 
corresponds to the son case and the lower sign to the sp^ case. 

These relations can also be given in an equivalent matrix form. For this purpose 
we define the partial transpose R^{u) for the Yang's R- matrix (12. 6p by 

(3.2) R\u) = R{uf' = 1 - Qu-\ Q= Y. K ® ^Ji- 

Furthermore, we regard S{u) as an element of the algebra Y(giv) ® EndC^ given by 

S{u) = ^ Sij{u) ^Eij. 

i,jGl,N 

Then the twisted Yangian can be characterized by the following relations [9]: 

(3.3) R{u - v)Si{u)R\-u - v)S2{v) = S2{v)R\-u - v)Si{u)R{u - v), 
and the symmetric relation: 

fo A\ Qtf ^ Qf ^ ^ S{u) - S{-u) 

(3.4) S {-u) = S{u) ± — . 

The following relations between twisted Yangian and classical Lie algebras will be 
useful. 



Proposition 3.3. [9] The assignment 

1, 

r 

defines a homomorphism between Y{qi^) and U{qn)- Moreover, the assignment 



Siiiu) f-> 5ii + iu±^) ^Fij 



^. ^ s[f 
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defines an embedding t/(5jv) "^ Y{Qn)- 

4. Principal realization of Y{qn) 

In this section we give the principal reahzation for twisted Yangian Y{qi\i) analogous 
to the Y{qIj^) case. As before the generators are certain Fourier coefficients. 

We start by recalling a well-known result in linear algebra. Let {cj} and {e*} be a 
pair of dual bases of simple Lie algebra g, then the rational r-matrix can be expressed 
as follows (cf. [Ij): 



(4.1) r = J2' 



e . 



Moreover, this expression is independent of the choice of the dual bases. 
Using the principal basis of gl^y, we get the following result. 

Lemma 4.1. The permutation matrix P can he written as 
(4.2) P = J2Eij®Eji= J2 j;^Aki0A_k,-i. 

The partial transposition of P can be written as 



k,lGliN k,l,a,b 



In particular, when Qn = so 



N 



u^'- ., . sr^ u ^ 



(4.3) Q = P'^= J2 ^4^®^-fe,-^= E ^^-M®^-fc,-^ 

Proof. Note that {Am} and {^A^k-i} are dual principal basis of g(^. Invoking (14. ip 
we have 

P= Yl -jfAki^A^k,-!- 
Using Proposition l3.lt we get 



^ki 



Q= Y -J^Aii^A^k^-i 

fc.ZGZjv 

, J— a(fc+6)— fc 

" Y 7V2 ^".«+'^''' ® A_k,^i- 

k,La,b 
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And in the case of Qn = son, 

kl 



N 

= Yl ^;^A^k,i^A_k,-i- 

D 

We now introduce a new set of generators ylj of twisted Yangian y(gjv), where 
i,j G Zjv, r G Z+. Rewrite the matrix of generators S{u) as follows: 

(4.4) S{u) = J2 Su» ® Eij = Y ykii'^) ® ^«' 

where ykiiuYs are the generating series defined by: 



oo 



yki{u) = 5^yi?M ", 

r=0 

and y'^^ = 6k,oSi,o- 

Theorem 4.2. The principal generators y^-' of the Yangian V(0Ar) satisfy the fol- 
lowing relations: 

{u^ - v'^)[yij{u),yki{v)\ = 

-77- Yl i^^^""^"'^yi~a,j~b{u)yk+a,l+b{v) - Uj'''^^'^'^^yk+a,l+b{v)yi-a,j-b{u)) 
a,b£Zff 

U-V ^^ -a-a' (a+b')+b' ij-b)-bik+a)) ^^ / ,x , / x 

H 775- 2^ ^a'^a'+b^ yi-b',j-b{U)yk+a,l+b{V) 

a,b,a' yb'^lil'f 



U — V 



a,b,a',b'elN 



En n , ,-a-a' {a+b')+b(i-b')-a{l+b)) „ , / ,\ , / \ 

^a'^a'+b^ yk+a,l+b{V)yi-b',j~b{V) 



I \^ /3 a , ,-a-a' {a+b')+b' ij -b-d)+b{k+a+c)+d{i-k-c) ^ , / ,\ , / \ 

"^ ATS ^ tla'tfa'+b^ yi-c-b',j-d-b{U)yk+a+c,l+b+d{V> 



ATS 

a,6,a',6',c,dGZjv 



~ ATS Z^ tla'Ua'+b^ yk+a+c,l+b+d{V)yi^c-b',j-d-b[U) 



ATS 

a,b,a' ,b' ,c,d^Zff 



and the symmetric relation: 

k,l 
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In particular, when Qn = son the defining relations can be reduced to the following 
relations: 

{u^ -v'^)[yij{u),ykiiv)] = 
{u — v) 



a,b£X]\! 



a,feGZjv 

lV2 2-^ U ' "- 'yi+a-a',j^b-b'{Ujyk+a+a',l+b+b'{Vj 

a,b,a',b'€l.N 

^ \^ , ,~a+bi+a'{j-b-b'-l)~a{l+b')„^ / ,x , / n 

- ^ 2-^ ^ yk+a+a',l+b+b'[V)yi+a~a',j-b-b'{U) 



a,b,a',b'€ZN 

and the symmetric relation: 

Here we only prove the case Qn = son as the other case is similar. In order to 
prove the theorem, we need the following lemma: 

Lemma 4.3. We have the following equations for Qn = sOn-' 



(4.5j a,b,i,j,k,l£Zj^ 



PS,iu)S2iv) - S2iv)S,{u)P =1 Yl i^'^'''"''^y^-a,J-b{u)yk+a,l+b{v) 

a,b,i,j,k,lGZj 

-uj''^^~^~''^yk+a,i+b{v)yi-a,j-b{u))Aij ® Am. 
-u~''~''^-^^yi+a,o-b{u)yk^a,i+b{v))Aij ® Am- 



(4.6) a,b,i,j,k,l£ZN 



(4.7) 

PSi{u)QS2{v) - S2{v)QSi{u)P = 

-^ Y U-''-'''+''^''-'+'-'''^+'^'+''\+a-a',j-bMu)yk+a+a',l+bwiv)A, ® Akl- 

a,b,a' ,b' ,i,j,k,l£Zi^ 

_1 J2 CU-'^+''+'^'^^-'-''-'^-''^'+''^yk+,^a',lUw{v)y^+a-a',-bMu)A, ® A^. 

a,b,a' ,b' ,i,j,k,l(^Zpf 

Proof. Here we just check the equation (14. 6p . and the other two equations can be 
proved by the same method. Using the principal decomposition of the operator Q 
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(see formula (I4.3P ). we have 

S2{v)QSi{u) = { J2 Vkiiv)! ® Am){— J2 ^"'A-a,b®A^a,-b){Yl yij{u)Aij®l) 



■N 

k,lGZM a,b£Zpf ijGZjv 

TT X^ io~''ykiiv)yij{u)A_a,bAij0AkiA_a-b 

a,b,i,j,k,l£Xi^ 

— Y^ u'''+^'-^''yki{v)yij{u)A^a+t,b+j ® Ak^a,i^b 



a,b,i,j,k,l£Xj^ 

{Let i' = —a + i,j' = b + j,k' = k — a,l' = I — h) 

= ^ ^ uj'"'''^''~^'"'yk'+a,i'+b{,v)yi>+aj'-b{,u)Ai,j' ®Ak'i' 

a,b,i',j',k',l'eZN 

= ^ Y^ uj''''^'''''^''yk+a,i+b{v)yi+a,j-b{u)Aij O Aki. 

a,b,i,j,k,l(^Zff 



Similarly, we can get 

Si{u)QS2{v) = — Yl ^'''"'^~''''yi+a,j-biu)yk+a,i+biv))Aj ® A^, 

a,b,i,j,k,lS:Zff 

from which one gets Equation (14. 6p . D 

Now we prove Theorem 14.21 (the case Qn = son) using the above lemma. 

Proof. From the equation 03. 3p . it follows that 

(m2 - v^)iSiiu)S2iv) - S2iv)Siiu)) = {u + v)iPSiiu)S2iv) - S2iv)Siiu)P) 
+ {u- v){S2{v)QS,{u) - S,{u)QS2{v)) 
+ {PSi{u)QS2{v) - S2{v)QSi{u)P). 



Then one derives the reflection relation in the Theorem 14.21 by using the equations in 
lemma 14.31 

Next we check the symmetric relation. It follows from definition that the symmetric 
relation is 

.*. .^ c.. ^ , S{u) - S{-u) 



S\-u) = S{u) + 



2u 
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Using the principal presentation of S{u) we have: 






Then we can rewrite the symmetric relation as following: 

Therefore 

which is just the symmetric relation in the theorem. D 

Theorem 4.4. The mapping Sij(u) H> X^fcez ^^''Vkj-iiu) defines an isomorphism of 
the two presentations ofY{QN)- The inverse mapping is given by 

Proof. This can be quickly shown by the inverse Fourier transform. For completeness 
we give another proof. From the principal realizations of twisted Yangian Y{qi\i), we 
have 

Siu) = Y yki{u) IS) Aki, 

k,lGZN 

where 

Akl = 2_^ ^^ Ea^a+l- 

Plugging back into the equation, one has 

= Y^'''yk,j-i{u)(^Eij, 

i,j,k 

which shows that 

■Sij(w) = Y ^'''VkJ-i- 
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kl 

Since Ak^i and ^A_k_i are dual bases of gl^, it follows that: 

Vkiiu) = {S{u)\A_k,-i)^ 



^^Sij{u){Eij\A^k,-i) 



N 

i 



D 



From the Theoreni l4.4l we know that as in the case Y{qIj^), the principal generators 
yij{u) of Y{g^) are actually obtained from the Fourier transform of the sequence 

{sk,k+j{u)}, where k eZ^. 

Vijiu) =d'\{sk,k+ji^)})i'>^- 

By Theorem 14.41 we can get the following algebra homomorphism between the 
twisted Yangian Y{qn) and the universal enveloping algebra U{qn)- 

Theorem 4.5. The assignment 

1 iu±\y^ 

gives a homomorphism between Y{qn) and U{qn)- Moreover, the assignment 



B^J ^ Ny% 



defines an embedding U{qn) "^ Y{q 



N 



Proof. From Theorem 14.4^ it follows that the mapping 



u '"' 



yki{u) ^ X — r^Si,i+i 



^ J •-' I i-t-i. I Li J 



is an isomorphism of the two presentations of Y{Qiq). And from the proposition I3.3t 
we have that the assignment 

Sij{u) ^ 5ij + {u± ^y^Fij 
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is an algebra homomorphism between Y{Qi^f) and (/{qn). Then we get an algebra 
homomorphism between Y{g^) and U^g^): 

Subsequently one has 

ieZpf ieZjv ieZjv 



which is just B^k,i- So the assignment 

?/m(w) h^ —OkfiOifi H v^ -D-fc,« 

does define an algebra homomorphism between Y{qi\i) and (/{qn). 

Similarly, we can show that the assignment B^ i— )■ Ny_l- defines an embedding 

D 
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